Abstract. By means of a variational procedure we find a lower bound to the Thomas-Fermi kinetic energy of a fermionic system in the ground state, in terms of the moments ( T -~) , ( v -' ) and motucntwu [(,)I densities iiluiirriwl arid &yniptoticaUy t e i a u e in thrae iases it is nut poasible to fmd exact uulalgri:al soluriun,
I n t r o d u c t i o n
The single-particle density is a physical observable which plays a basic role in the quantum description of many-fermion systems. There are many physical properties of atomic, molecular and nuclear systems that can be interpreted in terms of the fermionic density of the system. For instance, in the case of an atom in the ground state, the electron density completely characterizes the system (Hohenberg and Kohn 1964, Kohn and Sham 1965) ; all macroscopic properties are functionals of the density, defined as where W(r1, , . . , rN) is the exact wavefunction of the state of the N-particle system.
The spin variables are omitted, and the average on them must be also done when integrating.
It is also known that the functionals for various physical quantities of fermionic systems (such as, e.g., the kinetic and exchange energies (March 1957 , Lieh 1976 , the average electron radial ( p ) (Hyman el d 1978) and momentum (y) densities (Gadre and Chakravorty 1986) , or the value of the electron density at the nucleus of atoms, 0353-40i5/91/15~43+08$03.50 @ 13% IDP Publishing Ltd p ( 0 ) (Gblvez el al 1988) ) are, at least to the leading order, integrals of powers of the fermionic density p or the momentum density y.
Recently (Dehesa et a/ 1989b and references therein) it bas been shown that, for an N-particle system, the frequency moment of order p , wp, of the single-particle density p ( r ) , i.e.
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can be bounded from below (if p 2 1) in terms of any two radial expectation values (r") and (PO), provided that
where (r") is defined as (r") = r"p(r) d r .
( 5 )
The aim of this work is to generalize the previous work bounding the functional wp in terms of three moments (r") around the origin of the density p ( r ) . This will, in general, be difficult to solve in an analytical way. In order to simplify the problem only the bounds to w p for atoms in terms of the expectation values (r") with a = 0, -1 and -2 will concern us. The reason to select these values lies in the fact that the best previous bounds (in terms of two moments mentioned above) to wdI3 (exchange energy) and w, (atomic density at the origin) were given in terms of the pair ( P -~) , (r-2) and the best bounds tows,3 (kinetic energy) and w2 (average radial density) were obtained with (r-l) and N = (r') (in these cases it was not possible to bound in terms of (r-l) and (r-') because of the restriction (3)). So, we expect that the most accurate bounds to the physical quantities of atomic systems given above in terms of three moments, if they exist, would be those corresponding to (r-2), (r-') and N. This paper is structured as follows. In section 2 we will describe the method used to obtain lower bounds t o wp in terms of the radial expectation values (r-2), (r-') and N . In section 3 and section 4, these inequalities will be restricted to special values of p in wp to find lower bounds to physical atomic quantities, likewise a test of them within the Hartree-Fock framework will be included. Asymptotic expressions of the bounds which cannot be expressed in an analytical form but can be obtained in a numerical way will also be given. Finally, some concluding remarks will be made.
Method and general results
In order to obtain bounds to the frequency moment wp of the density p ( r ) in terms of (r-'), (r-l) and N , we solve the variational equation (A, p and y being Lagrange multipliers) for a density function f(r) such that its moments of orders -2, -1 and 0 be equal to those of the single-particle density of the system, i.e. that rDlf(r)dr f o r a = -2,-1,O.
We obtain This function is not defined when X + pr + yr2 < 0. If we denote the zeros of this polynomial by a and b, then there are two different cases of interest for these parameters, for which the function can be written as follows:
otherwise.
We can see that the function f2(r) does not lead to a finite (r-2) for p < 3, so in these cases we will use only fl to hound up.
For p > 3 there exist, in principle, two different solutions. However, at most only one of them will allow us to find values of the parameters C, a and b such that their moments of orders -2, -1 and 0 be equal to those of the density p ( r ) of the system. Moreover, we have verified that for atomic physical values of (r-*) and (r-'), no solutions can be found when p 2 3. Therefore, we will restrict ourselves throughout the paper to working only with fl(r), which will be called hereafter f(r).
A simple integration for f produces the relation
where we have used the constraints (7), and C, a and b are parameters which must be determined by means of the relations: Gauss's hypergeometric function as defined in Abramovitz and Stegun (1972) .
the c a e in which a solution to the system of equations (12)- (14) can be found. We start from the Taylor expansion for p ( r ) p at every T about f(r) with the Lagrange form for the remainder:
Let ??E now prove that the f!!nctionz! U; given by (I!) is a !owe: hound to wp, in
where p* is a function whose values lie between p and f for any point r . Integrating this expression in the whole space and using equation (8) one finds that
where D is the domain where f is different from zero, and the integral I verifies 
J,
It is easy to see that the first integral of the right-hand side is equal to zero assuming the moments of order -2, -1 and 0 of p and f to be equal, and that the second integral is positive because the domain D is chosen in such a way that Ar-' + pr-' + 7 < 0 outside it. Therefore, we have proved that 
in the cases when w; can be found. This happens, as we stated earlier, when the parameters C , a and b can be obtained as functions of (r-'), (r-') and N via equations (12)-(14). Only in a few cases is it possible to solve them in an analytical way. Others can be treated numerically, and in the rest no soiutions exist. In the following sections by means of this method we will calculate the lower bounds to atomic quantities related to the frequency moments u p of the atomic density p(r) for particular values of p, such as the kinetic energy, the average radial and momentum densities and the exchange energy in Dirac's form.
Lower b o u n d to the total atomic kinetic energy
The kinetic energy, T , of a system of N fermions with q available spin states per particle ( q = 2 for electrons) is bounded from below by (Lieh and Thirring 1975 is the Thoma-Fermi (TF) kinetic energy for the exact single-particle density p(r). Moreover, Lieb has also conjectured (Lieb 1976 (Lieb , 1981 ) that this TF value is itself a lower bound to the exact kinetic energy, i.e.
T 3 TTF. (23)
In a previous work (Gblvez and Dehesa 1987), using this conjecture, the total atomic kinetic energy is bounded from below by means of (r-') and N:
Using equation (11) we can bound wSl3 from below by
C2'3[(a + b ) ( r -l ) -ab(r-') -NI. (25)
The calculation of the parameters C , a and b from equations (12)-(14) for p = 5 can be done in a tedious way by using several relations among hypergeometric functions (Abramovitz and Stegun 1972). This leads to the following conjectured lower bound:
It can be seen that the first factor is the previously known bound LT(O, -1) (equation (24)), and the second factor is always greater than one, so the new bound improves the old one.
We can compare LT(O, -1, -2) with L,(O, -1) and with TTF for atoms using the near Hartree-Fock wavefunctions of Clementi and Roetti (1974) to evaluate ( r -l ) , (r-2) and TTF. This gives us an estimation of the accuracy of the new bound with respect to the kinetic energy (by means of the ratio R' = L,(O, -1, -2)/TTF) and of the improvement with respect to the previous bound (by comparison with the ratio R = LT(O, -l)/TTF). This is illustrated in table 1, where both ratios mentioned earlier are expressed in percentages. We can notice that the improvement is important, especially for the smallest-Z atoms.
If we compare equation (26) with the lower bound to the kinetic obtained by Thirring (1981) in terms of ( r -' ) and (r-'), which with our normalization for p can be written a
we can conclude that an important improvement for N 3 4 bas been obtained, although this latter is an exact lower bound. -moment bound LT(O, -1, -2) (equation (26) ) to the kinetic energy compared to the previously known two-moment bound LT(O, -1) (equation (24)) and to the TF value of the kinetic energy TTF(n~). all evaluated within the Hartree-Fock model (Clementi and Roetti 1974) . where R' is the ratio 
LT(O,
-
Lower b o u n d s t o o t h e r density-dependent atomic quantities
For other values ofp we cannot solve the system of equations (12)- (14) in an analytical way. However we have proved (Porras 1991 ) that there exist solutions in the range 2 < p < 2. In the particular cases p = 2 (exchange energy) and p = 2 (average radial and momentum densities) numerical solutions have been found for all atoms with Z between 1 and 54 by using the Hartree-Fock data mentioned above. It should be noticed that the only valuable improvements with respect to the previous bounds (Dehesa e l al 1989a, b) occur for the lightest atoms. Although these hounds to E,,, ( p ) and (7) described above cannot be calculated exactly, analytical expressions in the large-Z limit can be found (Porras 1991) , taking into account the asymptotic behaviour of the atomic momentals (Dmitrieva and Plindov 1982) . This asymptotic procedure, based on expansions of the hypergeometric function for large values of its argument, leads to the following results:
for the exchange energy, and for the average radial and momentum densities, respectively.
does.
Here R E N(r-')/(r-')', and P = N(p-')/(p-')', Both tend to infinity when Z This procedure can also be applied t o the kinetic energy, where we know the exact analytical solution to the variational procedure, just to test this asymptotic technique. The result is which gives the first three terms of a Taylor expansion of equation (26) for large values of 2.
The leading term in all the asymptotic expressions is equal to the respective p r e vinusly known bounds (Dehesa et ol 1989a, b ) and the improvement is poor when tested with HartreeFock data, except in the case of the hound to the kinetic energy.
This set of results shows that this asymptotic method can be used to obtain analytical approximations to the problem of bounding wp in terms of three moments when it is not possible to find an analytical solution. No strange results appear when we apply it to all atoms, even to hydrogen and helium. The asymptotic expressions are exact with a remainder that goes to zero with respect to the leading order when Z increases, and it is possible to work consistently in this way up to a certain order of precision.
If we try to solve the variational problem more generally in terms of any trio of moments of correlative integer orders we find that solutions do not exist except in the case considered in this paper, when the orders are equal to -2, -1 and 0.
. Coiiclusions
In this paper, it has been shown that solutions to the variational problem of hounding atomic density-dependent functionals w p = SpP d r in terms of (r-'), (?--I) and N exist only when p lies in the interval [4,2]. This range of p covers three physically interesting cases, p = 2, p = 5 and p = 2, for which w p is related to macroscopic quantities of the atoms, i.e. the exchange energy, the kinetic energy and the average electron density, respectively.
In the most interesting case, p = 2, an analytical and simple lower bound (equation (26)) to the TF kinetic energy, therefore to the exact kinetic energy because of equation (21) or equation (23), of a fermionic system has been found. This bound, when applied to the atomic case, improves previous bounds in terms of ( V I ) and N (equation (24)) or in terms of ( r -' ) , (r-') and N (equation (27)).
For p = 2 (average electron radial density) and p = 2 (exchange energy) numerical solutions and asymptotic expressions of the bounds can be found. However the improvement with respect to previous bounds is very poor except for the lightest atoms. The asymptotic expressions appears as corrections to the previous twomoments bounds, corrections which lose importance a s Z increases.
